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Abstract
Quantum entanglement is the characteristic quantum correlation. Here we use this concept to
analyze the quantum entanglement generated by Schwinger production of particle-antiparticle pairs
in an electric field, as well as the change of mode entanglement as a consequence of the electric
field effect on an entangled pair of particles. The system is partitioned by using momentum modes.
Various kinds of pairwise mode entanglement are calculated as functions of the electric field. Both
constant and pulsed electric fields are considered. The use of entanglement exposes information
beyond that in particle number distributions.
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I. INTRODUCTION
With some early predecessors [1, 2], Schwinger predicted that in a strong electromagnetic
field, the vacuum becomes unstable and decays to electron-positron pairs [3]. This is known
as Schwinger effect or Schwinger production of electron-positron pairs. As a nonperturba-
tive prediction of quantum electrodynamics, it has not yet been observed experimentally
because of the low rate ∼ exp[−pim2e/(eE)], where E is the electric field, me is the mass
of the electron. It has been a long pursuit in the fields of strong lasers [4] and heavy-ion
collisions [5], and there have been various proposals to improve the detection [6–20]. Re-
cently, Schwinger effect has even been generalized to particle-antiparticle pair production in
the supersymmetric Yang-Mills theory [21, 22].
As a quantum effect in a classical background, converting vacuum fluctuation into parti-
cles, Schwinger effect bears similarities with the Unruh effect as observed by an accelerating
detector and the Hawking effect of a black hole [23], as well as the inflationary cosmological
perturbation [24]. In this connection, there have been various calculations of the Bogoliubov
coefficients in the Schwinger effect [25], which relates the “out” state with the “in” state and
underly the mechanism of particle creations.
On the other hand, in recent years, there has been significant development in quantum
information science, not only in practical aspects, but also in fundamental aspects, for ex-
ample, in deepening our understanding of correlation and entanglement in quantum states.
It was proposed that in field theory, the proper approach of characterizing the quantum
entanglement is to use modes, designated by the coordinates or momenta, as the subsys-
tems [26]. Some concepts developed in quantum information theory have been applied to
quantum states near a black hole [27–32] and in an expanding universe [33–36]. This effort
has also been extended to Schwinger effect, and the entanglement between one Dirac mode
and the rest of the system was calculated [37]. Such entanglement was also studied in the
more general framework of QED by using a nonperturbative expression for the density op-
erators [38]. However, the information captured by the kind of entanglement as studied in
these two papers is limited.
More interesting and accessible is the pairwise entanglement, in analogy with the fact
that two-body correlations in a many-body system, rather than the correlation between
one-body and all the other bodies, are the usual quantities studied in physics. Here pair-
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wise entanglement refers to the entanglement between two parts A and B in the reduced
density matrix ρAB, obtained by tracing out other parts. Note that any pair is usually in
a mixed state, obtained by tracing out other subsystems, therefore the characterization of
pairwise entanglement is more difficult than the entanglement between one subsystem and
its complement in the system in a pure state, as quantified by the von Neumann entropy
of the reduced density matrix. Furthermore, there is no simple relation between pairwise
entanglement and the entanglement between one part and all the rest of the system. For
example, in the famous tripartite GHZ state 1√
2
(|000〉 + |111〉), the entanglement between
any part and its complement is maximal, while any pairwise entanglement vanishes because
tracing out the third part yields an incoherent mixed state. Furthermore, in general, the
pairwise entanglement between different pairs can be very different. In this paper, we shall
study the pairwise entanglement and correlations in Schwinger effect by using two measures
of entanglement and correlation, namely, mutual information and logarithmic negativity.
Consider a system composed of two subsystems A and B. Suppose the system, which
could itself be a subsystem of a larger system, is described by a density matrix ρAB, which
could be a pure state or a mixed state, the reduced density matrix of A is ρA ≡ TrB(ρAB),
the the reduced density matrix of B is ρB ≡ TrA(ρAB). Then the mutual information is
defined as [39]
I(ρAB) = S(ρA) + S(ρB)− S(ρAB), (1)
where S(ρ) ≡ −Tr(ρ log2 ρ) is the von Neumann entropy of density matrix ρ. For given ρA
and ρB, it is maximized when the ρAB is a pure state and thus S(ρAB) = 0. Moreover, if
ρAB is a pure state, then S(ρA) = S(ρB). If ρAB = ρA ⊗ ρB, I(ρAB) = 0. Hence I(ρAB) is
a kind of “distance” from the product state, and it is a kind of total correlation between A
and B, including both quantum entanglement and classical correlation.
The logarithmic negativity is defined as [40]
N(ρAB) ≡ log2 ‖ρTAAB‖, (2)
where ‖ρTAAB‖ is the sum of the absolute values of the eigenvalues of the partial transpose ρTA
of the original density matrix ρAB with respect to A subsystem. The same value of N(ρAB)
is obtained if the partial transpose is with respect to B. It has been shown that N(ρAB) is
a measure of the quantum entanglement between A and B in a general density matrix ρAB.
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The vacuum in the absence of an electric field is not the vacuum in the presence of an
electric field. Consider the sector of a pair of modes with opposite momenta, the vacuum
in the absence of an electric field is a superposition of different occupations of the the two
modes in the presence of the electric field. In Sec. II, we calculate the entanglement between
these two modes, which is compared with the previous results. On the other hand, the
state of two entangled particles in the absence of the electric field becomes a complicated
superposed state of these two modes and those with the opposite momenta. In Sec. III, we
study various kinds of pairwise mode entanglement in this state. In Sec. IV, we study the
above two problems in a pulsed electric field. A summary and discussion are made in Sec. V.
II. ENTANGLEMENT CREATION IN THE CONSTANT ELECTRIC FIELD
A strong electric field can destablize the vacuum to decay into electrically charged particle-
antiparticle pairs. Consider a fermion field Ψ(x) with mass m, charge e in an electric field
E along z direction, satisfying the Dirac equation in the four dimensional Minkowski space,
(iγµ∂µ − eγµAµ −m)Ψ(x) = 0, (3)
where Aµ = (0, 0, 0,−E0t), γµ’s are Dirac matrices.
Suppose {uin, vin} and {uout, vout} are two complete sets of mode functions of Dirac equa-
tion, where “ in” and “out” states are those in the absence and the presence of the electric
field, corresponding to tin = −∞ and tout = +∞, respectively. They are related through the
Bogoliubov transformation. Hence the Dirac field operator can be expanded as
Ψ(x) =
∑
σ,k
[ainσ,ku
in
σ,k(x) + b
in†
σ,kv
in
σ,k(x)]
=
∑
σ,k
[aoutσ,ku
out
σ,k(x) + b
out†
σ,k v
out
σ,k(x)],
(4)
where aσ,k and bσ,k are annihilation operators of particle and antiparticle, σ =↑, ↓ denotes the
spin, k denotes the momentum. It has been well known that (see, for example, Ref. [25, 37])
the Bogoliubov transformations between in and out operators are
ainσ,k = α
∗
ka
out
σ,k + β
∗
kb
out†
−σ,−k, (5)
binσ,k = α
∗
kb
out
σ,k − β∗kaout†−σ,−k, (6)
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where αk =
√
µ
pi
Γ( iµ
2
) sinh(piµ
2
)e−
piµ
4 , βk = e
−piµ
2 , hence
|αk|2 = 1− e−piµ , |βk|2 = e−piµ. (7)
with
µ =
m2 + k2⊥
eE0
, k2⊥ = k
2
x + k
2
y . (8)
As usual [23–37], the in vacuum can be expanded in terms of the out states of modes k
and −k,
|0k, 0−k〉in = x0|0k, 0−k〉out + x1| ↑k, ↓−k〉out + x2| ↓k, ↑−k〉out + x3| ↑↓k, ↑↓−k〉out, (9)
where |φk, ψ−k〉 ≡ |φ〉k|ψ〉−k, |0〉k means that there is no particle with momentum k, |0k〉in
and |0k〉out denote in vacuum state and out vacuum state respectively, |σ〉k represents that
there is particle of spin σ with momentum k, | ↑↓〉k represents that there are two particles
of spins ↑ and ↓ with momentum k, x0, x1, x2 and x3 are expansion coefficients. We treat
the momentum modes as the subsystems [26], with each momentum mode k living in a
four-dimensional Hilbert space with the basis states |0〉k, | ↑〉k, | ↓〉k, | ↑↓〉k. In this way,
the spin correlations between different momentum modes are investigated.
From ainσ,k|0k, 0−k〉in = 0, one obtains
|0k, 0−k〉in = |αk|2|0k, 0−k〉out − αkβ∗k| ↑k, ↓−k〉out − αkβ∗k| ↓k, ↑−k〉out
+
αkβ
∗2
k
α∗
k
| ↑↓k, ↑↓−k〉out.
The density matrix is ρk,−k = |0k, 0−k〉in〈0k, 0−k|. Hence one obtains its partial transpose
ρTAk,−k =
1
2
[|αk|4|0k, 0−k〉〈0k, 0−k| − 2|αk|2α∗kβk| ↑k, 0−k〉〈0k, ↓−k |
−2|αk|2α∗kβk| ↓k, 0−k〉〈0k, ↑−k |+ 2α∗2k β2k| ↑↓k, 0−k〉〈0k, ↑↓−k |
+|αk|2|βk|2| ↑k, ↓−k〉〈↑k, ↓−k |+ 2|αk|2|βk|2| ↓k, ↓−k〉〈↑k, ↑−k |
−2α∗k|βk|2βk| ↑↓k, ↓−k〉〈↑k, ↑↓−k |+ |αk|2|βk|2| ↓k, ↑−k〉〈↓k, ↑−k |
−2α∗k|βk|2βk| ↑↓k, ↑−k〉〈↓k, ↑↓−k |+ |βk|4| ↑↓k, ↑↓−k〉〈↑↓k, ↑↓−k |]
+H.c,
which is a 16× 16 matrix. Its eigenvalues are found to be λ1 = |αk|4, λ2 = |βk|4, λ3 = λ4 =
λ5 = λ6 = |αk|2|βk|2, λ7 = λ8 = −|αk|2|βk|2, λ9 = λ10 = |αk|3|βk|, λ11 = λ12 = −|αk|3|βk|,
λ13 = λ14 = |αk||βk|3, λ15 = λ16 = −|αk||βk|3. Thus the logarithmic negativity is
N(ρk,−k) = 4 log2(|αk|+ |βk|), (10)
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which reaches its maximum 2 if |αk|2 = |βk|2 = 12 , which is satisfied when µ = ln 2/pi, that
is, E0 =
pi(k⊥+m
2)
e ln 2
. The maximum is 2 because the number of the basis states for each mode
is 4.
Fig. 1 shows the dependence on 1/µ ≡ eE0/(k⊥ + m2) of the logarithmic negativity,
quantifying the entanglement between modes k and −k. Therefore, it can be seen that,
with the increase of E0 and thus 1/µ, the logarithmic negativity increases to the maximum
2 at E0 =
pi(k⊥+m
2)
e ln 2
, afterwards the logarithmic negativity asymptotically decreases to zero
with the electric field approaching infinity.
The dependence of the entanglement on the electric field can be understood. Expressed
as the Bogoliubov coefficients, an in particle creation operator is a superposition of out par-
ticle creation and antiparticle annihilation. With the increase of E0 from 0, the degree of
superposition increases, and becomes equal probability at a certain value E0, consequently
the entanglement between the particle and antiparticle modes becomes maximal. With
further increase of E0, the antiparticle annihilation overweighs particle creation in the su-
perposition, consequently the entanglement decreases towards zero. Hence the entanglement
between the modes k and −k provides an interesting characterization of the superposition of
out particle creation and antiparticle annihilation, and that of out antiparticle creation and
particle annihilation, complements the usual characterization in terms of particle number
distribution.
The result is in consistency with the previous calculation of the von Neumann entropy [37].
In that calculation, however, a mode is designated in terms of momentum plus spin, hence
the system was partitioned to four subsystems there. In practice, it is more difficult to
measure and follow the spin degree of freedom. So our result, based on designating a mode
only in terms of the momentum, is more convenient. We use the negativity as the measure
of entanglement, rather than von Neumann entropy because the negativity will be used in
the rest of this work, which is mainly about mixed states, for which von Neumann entropy
is not an entanglement measure. Furthermore, we do not need to calculate the mutual
information, which is generically contributed by both quantum entanglement and classical
correlation but reduces to 2S(ρA) in the present case, as S(ρAB) = 0 in a pure state.
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FIG. 1. The logarithmic negativity N(ρk,−k) of pair of modes k and −k as a function of the
dimensionless parameter eE0
k2
⊥
+m2
, where E0 is the strength of the constant electric field.
III. VARIOUS KINDS OF MODE ENTANGLEMENT IN AN INITIALLY ENTAN-
GLED PARTICLE PAIR
In this section, we study how the mode entanglement in a preexisting two-particle entan-
gled state is affected by a constant electric field. We consider the two entangled particles
with momenta p and q in the absence of electric field,
ε| ↑〉p| ↓〉q +
√
1− ε2| ↓〉p| ↑〉q, (11)
where ε is a coefficient. In terms of in modes, the state of the system can be written as
|Φp,q,−p,−q〉in = ε| ↑p, 0−p〉in| ↓q, 0−q〉in +
√
1− ε2| ↓p, 0−p〉in| ↑q, 0−q〉in
= (ε| ↑p, ↓q〉in +
√
1− ε2| ↓p, ↑q〉in)|0−p, 0−q〉in.
(12)
Now suppose an electric field is applied. One can obtain
| ↑k, 0−k〉in = ain†↑,k|0k, 0−k〉in = αk| ↑k, 0−k〉out −
αkβ
∗
k
α∗k
| ↑↓k, ↑−k〉out, (13)
| ↓k, 0−k〉in = ain†↓,k|0k, 0−k〉in = αk| ↓k, 0−k〉out +
αkβ
∗
k
α∗k
| ↑↓k, ↓−k〉out. (14)
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Therefore
|Φp,q,−p,−q〉in = εαpαq| ↑p, 0−p〉out| ↓q, 0−q〉out
+ε
αpαqβ
∗
q
α∗q
| ↑p, 0−p〉out| ↑↓q, ↓−q〉out
−εαqαpβ∗p
α∗p
| ↑↓p, ↑−p〉out| ↓q, 0−q〉out
−εαpαqβ∗pβ∗q
α∗pα
∗
q
| ↑↓p, ↑−p〉out| ↑↓q, ↓−q〉out
+
√
1− ε2αpαq| ↓p, 0−p〉out| ↑q, 0−q〉out
−√1− ε2 αpαqβ∗q
α∗q
| ↓p, 0−p〉out| ↑↓q, ↑−q〉out
+
√
1− ε2 αqαpβ∗p
α∗p
| ↑↓p, ↓−p〉out| ↑q, 0−q〉out
−√1− ε2 αpαqβ∗pβ∗q
α∗pα
∗
q
| ↑↓p, ↓−p〉out| ↑↓q, ↑−q〉out.
(15)
In the following, we consider various pairs of out modes.
A. ρp,q
By tracing over the field modes (−p,−q), we obtain the reduced density matrix of the
out modes (p,q), ρp,q = Tr−p,−q(|Φ〉in〈Φ|),
ρp,q = ε
2|αp|2|αq|2| ↑p, ↓q〉〈↑p, ↓q |+ ε
√
1− ε2|αp|2|αq|2| ↑p, ↓q〉〈↓p, ↑q |
+ε2|αp|2|βq|2| ↑p, ↑↓q〉〈↑p, ↑↓q |+ ε2|αq|2|βp|2| ↑↓p, ↓q〉〈↑↓p, ↓q |
+|βp|2|βq|2| ↑↓p, ↑↓q〉〈↑↓p, ↑↓q |+ (1− ε2)|αp|2|αq|2| ↓p, ↑q〉〈↓p, ↑q |
+ε
√
1− ε2|αp|2|αq|2| ↓p, ↑q〉〈↑p, ↓q |
+(1− ε2)|αp|2|βq|2| ↓p, ↑↓q〉〈↓p, ↑↓q |
+(1− ε2)|αq|2|βp|2| ↑↓p, ↑q〉〈↑↓p, ↑q |,
(16)
which is a 7×7matrix. Its eigenvalues are found to be 0, |αp|2|αq|2, ε2|αp|2|βq|2, ε2|αq|2|βp|2,
|βp|2|βq|2, (1− ε2)|αp|2|βq|2, (1− ε2)|αq|2|βp|2.
Tracing out the field mode q in ρp,q yields ρp = Trq(ρp,q), which is
ρp = ε
2|αp|2| ↑p〉〈↑p |+ (1− ε2)|αp|2| ↓p〉〈↓p |+ |βp|2| ↑↓p〉〈↑↓p |, (17)
with eigenvalues ε2|αp|2, (1− ε2)|αp|2, |βp|2.
Tracing out the field mode p in ρp,q yields ρq = Trp(ρp,q), which is
ρq = ε
2|αq|2| ↓q〉〈↓q |+ (1− ε2)|αq|2| ↑q〉〈↑q |+ |βq|2| ↑↓q〉〈↑↓q |, (18)
with eigenvalues ε2|αq|2, (1− ε2)|αq|2, |βq|2.
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Now we make use of the mutual information I(ρp,q) ≡ S(ρp) + S(ρq)− S(ρp,q) to learn
about the total correlation in ρp,q. It is found to be
I(ρp,q) = 2S(ε)|αp|2|αq|2], (19)
where
S(ε) ≡ −ε2 log2 ε2 + (1− ε2) log2(1− ε2) (20)
is the von Neumann entropy of the initial state (12).
For a given initial state in the absence of electric field, I(ρp,q) reaches the maximum S(ε)
when there is no electric field, i.e. E0 = 0, which implies |αp| = |αq| = 1. It can reach
the absolute maximum 2 if the inital state in the absence of the electric field is maximally
entangled, i.e. ε2 = 1/2, thus S(ε) = 1. I(ρp,q) monotonically decreases with increase of E0.
We have also studied the pairwise entanglement in ρp,q, as quantified by its logarithmic
negativity. For this purpose, the partial transpose of ρp,q on mode p is obtained as
ρTAp,q = ε
2|αp|2|αq|2| ↑p, ↓q〉〈↑p, ↓q |+ ε
√
1− ε2|αp|2|αq|2| ↓p, ↓q〉〈↑p, ↑q |
+ε2|αp|2|βq|2| ↑p, ↑↓q〉〈↑p, ↑↓q |+ ε2|αq|2|βp|2| ↑↓p, ↓q〉〈↑↓p, ↓q |
+|βp|2|βq|2| ↑↓p, ↑↓q〉〈↑↓p, ↑↓q |+ (1− ε2)|αp|2|αq|2| ↓p, ↑q〉〈↓p, ↑q |
+ε
√
1− ε2|αp|2|αq|2| ↑p, ↑q〉〈↓p, ↓q |
+(1− ε2)|αp|2|βq|2| ↓p, ↑↓q〉〈↓p, ↑↓q |
+(1− ε2)|αq|2|βp|2| ↑↓p, ↑q〉〈↑↓p, ↑q |,
(21)
of which the eigenvalues are ε2|αp|2|αq|2, ±ε
√
1− ε2|αp|2|αq|2, ε2|αp|2|βq|2, ε2|αq|2|βp|2,
|βp|2|βq|2, (1 − ε2)|αp|2|αq|2, (1 − ε2)|αp|2|βq|2, (1 − ε2)|αq|2|βp|2. Hence the logarithmic
negativity is found to be
N(ρp,q) = log2(1 + 2ε
√
1− ε2|αp|2|αq|2), (22)
which reaches its maximum log2(1 + 2ε
√
1− ε2) when |αp| = |αq| = 1, as satisfied when
E0 = 0, and monotonically decreases with E0. Again, the absolute maximum 1 can be
reached if the initial state in absence of electric field is maximally entangled, i.e. ε = 1/
√
2.
The dependence of both mutual information I(ρp,q) and logarithmic negativity N(ρp,q)
on electric field E0 is shown in Fig. 2. Both quantities monotonically decrease and asymp-
totically approach zero with the increase of the electric field E0. Moreover, for ε ≤ 1/
√
2,
the closer to 1/
√
2 ε, i.e. the larger the initial entanglement, the larger I(ρp,q) and N(ρp,q).
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FIG. 2. The mutual information I(ρp,q) and logarithmic negativity N(ρp,q) as functions of the
dimensionless parameter eE0
p2
⊥
+m2
, where E0 is the strength of the constant electric field. It is assumed
that p2⊥ = q
2
⊥.
Initially the entanglement is just that between modes p and q. Roughly speaking, the
electric field causes the entanglement to be redistributed to be between other pairs of modes.
The correlation is mostly contributed by the entanglement.
B. ρp,−q and ρ−p,q
Tracing out the field modes (−p,q), we obtain ρp,−q = Tr−p,q(|Φ〉in〈Φ|). The mutual
information is obtained as
I(ρp,−q) = −2S(ε)|αp|2|βq|2, (23)
while the logarithmic negativity is
N(ρp,−q) = log2(1 + 2ε
√
1− ε2|αp|2|βq|2). (24)
As shown in Fig. 3, in the absence of electric field, both the mutual information I(ρp,−q)
and the logarithmic negativity N(ρp,−q) are zero. With the increase of the electric field, they
increase to maxima at a same value Ec of E0 where |αp|2|βq|2 is maximized, then decreases
to zero asymptotically. For simplicity, we consider the case p2⊥ = q
2
⊥, which means αp = αq
and βp = βq. Then it can be seen that I(ρp,−q) and N(ρp,−q) reach their respective maxima
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FIG. 3. The mutual information I(ρp,−q) and logarithmic negativity N(ρp,−q) as functions of
the dimensionless parameter eE0
p2
⊥
+m2
, where E0 is the strength of the constant electric field. It is
assumed that p2⊥ = q
2
⊥.
S(ε)/2 ≤ 1/2 and log2(1 + ε
√
1− ε2|/2) ≤ log2(5/4) when |αp|2 = |βq|2 = 1/2, as satisfied
by Ec =
pi(m2+p2
⊥
)
e ln 2
.
Similarly, tracing out the field modes p and −q, we obtain ρ−p,q = Trp,−q(|Φ〉in〈Φ|). The
mutual information is obtained as
I(ρ−p,q) = −2S(ε)|αq|2|βp|2, (25)
while the logarithmic negativity is
N(ρ−p,q) = log2(1 + 2ε
√
1− ε2|αq|2|βp|2). (26)
ρ−p,q can be obtained from ρp,−q simply by exchanging the generic subscripts p and q as
well as ε and
√
1− ε2. Therefore, the properties of the mutual information and logarithmic
negativity of ρ−p,q are the same as those of ρp,−q with ε replaced as
√
1− ε2.
C. ρ−p,−q
Tracing out the field modes p and q, we obtain ρ−p,−q = Trp,q(|Φ〉in〈Φ|). It is found that
I(ρ−p,−q) = −2S(ε)|βp|2|βq|2, (27)
11
and
N(ρ−p,−q) = log2(1 + 2ε
√
1− ε2|βp|2|βq|2). (28)
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FIG. 4. The mutual information I(ρ−p,−q) and logarithmic negativity N(ρ−p,−q) as functions of
the dimensionless parameter eE0
p2
⊥
+m2
, where E0 is the strength of the constant electric field. It is
assumed that p2⊥ = q
2
⊥.
Fig. 4 shows how the mutual information and the logarithmic negativity in ρ−p,−q depend
on the strength E0 of the electric field. They are zero at E0 = 0 and monotonically increase
with E0. The trend is opposite to that of the ρp,q. Note that in the absence of the electric
field, there is no entanglement or correlation between modes −p and −q.
D. ρp,−p and ρq,−q
Tracing out the field modes q and −q, one obtains ρp,−p = Trq,−q(|Φ〉in〈Φ|). It is found
that
I(ρp,−p) = −2(|αp|2 log2 |αp|2 + |βp|2 log2 |βp|2), (29)
and
N(ρp,−p) = log2[1 + 2(1− 2ε2 + 2ε4)|αp|2|βp|2]. (30)
It can be seen that both I(ρp,−p) and N(ρp,−p) reach the maxima at |αp|2 = |βp|2 = 1/2,
i.e. at a finite value of E0.
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FIG. 5. The mutual information I(ρp,−p) and logarithmic negativity N(ρp,−p) as functions of
the dimensionless parameter eE0
p2
⊥
+m2
, where E0 is the strength of the constant electric field. It is
assumed that p2⊥ = q
2
⊥.
Note that the mutual information I(ρp,−p) is independent of ε. In fact it comes only
from the Schwinger production of particle-antiparticle pairs, since pand −p are connected
by Bogoliubov coefficients.
As shown in Fig. 5, it increases to the maximum 2 at E0 =
pi(m2+p2
⊥
)
e ln 2
, then decreases
and approaches zero asymptotically. With the increase of E0, the logarithmic negativity
N(ρp,−p) increases from zero to the maximum log2[1 + (1− 2ε2 + 2ε4)/2] at E0 = pi(m
2+p2
⊥
)
e ln 2
,
and then decreases to zero asymptotically. The closer to 1/
√
2 the coefficient ε, the larger
the initial entanglement between p and −p, the less the logarithmic negativity N(ρp,−p), in
contrast with the logarithmic negativities N(ρp,q), N(ρp,−q), N(ρ−p,q) and N(ρ−p,−q).
Similarly, tracing out the field modes p and −p yields ρq,−q = Trp,−p(|Φ〉in〈Φ|). We
obtain
I(ρq,−q) = −2(|αq|2 log2 |αq|2 + |βq|2 log2 |βq|2), (31)
and
N(ρq,−q) = log2[1 + 2(1− 2ε2 + 2ε4)|αq|2|βq|2]. (32)
which show similar behavior with I(ρp,−p) and N(ρp,−p), as q and p are only momentum
labels.
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E. General Relations
For ρp,q, ρp,−q, ρ−p,q, and ρ−p,−q, the mutual information and the logarithmic negativity
are both determined by the product of the modular square of two Bogoliubov coefficients.
For the subscripts of the density matrices, particle modes p and q correspond to αp or
αq, antiparticle modes −p and −q correspond to βp or βq. For each of these four density
matrices ρ, the mutual information I(ρ) and the logarithmic negativity N(ρ) are related
simply as
I(ρ) =
S(ε)
ε
√
1− ε2 (2
N(ρ) − 1). (33)
I(ρ) and N(ρ) are synchronized, peaking and vanishing simultaneously.
We also find the following two identities
I(ρp,q) + I(ρp,−q) + I(ρ−p,q) + I(ρ−p,−q) = −2S(ε), (34)
2N(ρp,q) + 2N(ρp,−q) + 2N(ρ−p,q) + 2N(ρ−p,−q) = 4 + 2ε
√
1− ε2. (35)
In (34), −2S(ε) is the total mutual information of the state in the absence of the electric
field, coming only from ρp,q. In (34), in the absence of the electric field, the first term on
LHS contributes 1+2ε
√
1− ε2, while each of the rest three terms on LHS contributes 1, i.e.
no entanglement.
Thus these two identities represent two conservation laws. They suggest that some form
of the combination of the four kinds of mutual information and that of the four kinds of
entanglement are conserved, and are redistributed by the electric field.
In the case that the electric field is only applied to the particle of momentum p, we
have |αq|2 = 1 , |βq|2 = 0. Thus I(ρp,−q) = I(ρ−p,−q) = N(ρp,−q) = N(ρ−p,−q) = 0.
Consequently,
I(ρp,q) + I(ρ−p,q) = −2S(ε), (36)
2N(ρp,q) + 2N(ρ−p,q) = 2 + 2ε
√
1− ε2. (37)
Similar discussions can be made for the entangled states of the forms of ε| ↑p, 0−p〉in| ↓q
, 0−q〉in −
√
1− ε2| ↓p, 0−p〉in| ↑q, 0−q〉in and ε| ↑p, 0−p〉in| ↑q, 0−q〉in ±
√
1− ε2| ↓p, 0−p〉in| ↓q
, 0−q〉in. If p2⊥ = q2⊥, the results are the same as here for ε| ↑p, 0−p〉in| ↓q, 0−q〉in+
√
1− ε2| ↓p
, 0−p〉in| ↑q, 0−q〉in.
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IV. A PULSED ELECTRIC FIELD
Now we investigate the influence of a pulsed electric field, which is assumed to be along
the z direction and is of the Sauter-type E0sech
2(t/τ), where τ is the width of the pulsed
electric field [1]. Therefore
Aµ =
(
0, 0, 0,−E0τ tanh
(
t
τ
))
. (38)
By solving the two linearly independent asymptotic solutions of the Dirac equation in the
regimes tin = −∞ and tout = +∞ respectively, one finds the Bogoliubov coefficients [25, 37]
|αk|2 = cosh[piτ(ωout + ω
in)]− cosh(2piλ)
2 sinh(piτωin) sinh (piτωout)
, (39)
|βk|2 = cosh(2piλ)− cosh[piτ(ωout − ω
in)]
2 sinh(piτωin) sinh (piτωout)
, (40)
where
λ = eE0τ
2, (41)
ωin =
√
(kz + eE0τ)2 + k2⊥ +m
2, (42)
ωout =
√
(kz − eE0τ)2 + k2⊥ +m2. (43)
E(t)→ 0 as τ → 0, E(t)→ E0 as τ → +∞.
Note that the formulae in Sections II and III, including those for the mutual information
and logarithmic negativity, still apply, but with |αk|2 and |βk|2 now given in Eqs. (39) and
(40). Hence the mutual information and logarithmic negativity depend on not only E0 but
also τ . The general trend is in consistency with the case of constant field, but now with new
features because there are two parameters.
In parallel with the above study on constant field, we first consider the entanglement
created by the pulsed field from the vacuum, as given in (9). Fig. 6 shows the dependence of
the logarithmic negativity N(ρk,−k) on the dimensionless parameters 1/µ ≡ eE0/(k2⊥ +m2)
and τ
√
k2⊥ +m
2 of the pulsed electric field. For any given value of τ , with the increase of
E0, N(ρk,−k) increases to the maximum 2 and then decreases asymptotically to zero. The
smaller τ , the larger the value of E0 where N(ρk,−k) is maximal. As τ →∞, the maximum
2 of N(ρk,−k) is reached at E0 =
pi(k2
⊥
+m2)
e ln 2
, recovering the case of the constant electric field.
For a given value of E0 ≤ k
2
⊥
+pi(m2)
e ln 2
, N(ρk,−k) increases monotonically with the increase of
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FIG. 6. The logarithmic negativity N(ρk,−k) as functions of the dimensionless parameters eE0k2
⊥
+m2
and τ
√
k2⊥ +m
2. It is assumed that kz =
√
k2⊥ +m
2.
τ , and asymptotically approaches a certain value ≤ 2. For a given value of E0 > pi(k
2
⊥
+m2)
e ln 2
,
with the increase of τ , N(ρk,−k) increases up to the maximum 2 and then decreases, and
approaches asymptotically a certain value dependent on E0. As τ →∞, the dependence of
N(ρk,−k) on E0 is just as shown in Fig. 1.
Now we consider two initially entangled particles acted on by a pulsed electric field. The
initial state is just |Φp,q,−p,−q〉in as given in (12). The calculation is similar to that in the
previous section.
Fig. 7 shows how the pulsed electric field affects the mutual information and the loga-
rithmic negativity between modes p and q. For any value of τ , with the increase of E0,
I(ρp,q) and N(ρp,q) monotonically decrease and asymptotically approach zero. The larger
τ , the quicker they decrease when E0 is small. For a fixed value of E0, with the increase of
τ , I(ρp,q) and N(ρp,q) monotonically decrease and asymptotically approach certain values
dependent on E0. The larger E0, the quicker they decrease when τ is small. As τ →∞, the
dependence of N(ρp,q) on E0 is just as shown in Fig. 2.
Fig. 8 shows how the mutual information and logarithmic negativity of ρ(p,−q) depend
on the strength E0 and the width τ of the pulsed electric field. For any given value of
τ , with the increase of E0, I(ρp,−q) and N(ρp,−q) respectively increase to their maxima at
some value Ec(τ), where |αp|2|βq|2 is maximized, and then decrease asymptotically to zero.
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FIG. 7. The mutual information I(ρp,q) and logarithmic negativity N(ρp,q) as functions of the
dimensionless parameters eE0
p2
⊥
+m2
and τ
√
p2⊥ +m
2. It is assumed that pz = qz =
√
p2⊥ +m
2 =√
q2⊥ +m
2, ε = 1/
√
2.
FIG. 8. The mutual information I(ρp,−q) and logarithmic negativity N(ρp,−q) as functions of
the dimensionless parameters eE0
p2
⊥
+m2
and τ
√
p2⊥ +m
2. It is assumed that pz = qz =
√
p2⊥ +m
2 =√
q2⊥ +m
2, ε = 1/
√
2. Under these parameter values, the maxima of I(ρp,−q) and N(ρp,−q) are 12
and log2(
5
4), respectively.
Ec(τ) decreases with τ . For a given value of E0 ≤ Ec(∞), I(ρp,−q) and N(ρp,−q) increase
monotonically with τ , and asymptotically approaches certain values ≤ 2. For a given value
of E0 > Ec(∞), with the increase of τ , I(ρp,−q) and N(ρk,−k) increase up to the maxima
and then decrease and approach asymptotically certain values dependent on E0, with the
dependence at τ →∞ as shown in Fig. 3.
Fig. 9 shows how the mutual information and logarithmic negativity of ρ(−p,−q) depend
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FIG. 9. The mutual information I(ρ−p,−q) and logarithmic negativity N(ρ−p,−q) as functions of
the dimensionless parameters eE0
p2
⊥
+m2
and τ
√
p2⊥ +m
2. It is assumed that pz = qz =
√
p2⊥ +m
2 =√
q2⊥ +m
2, ε = 1/
√
2.
on the strength E0 and the width τ of the pulsed electric field. For any given value of τ ,
with the increase of E0, I(ρ−p,−q) and N(ρ−p,−q) monotonically increase and asymptotically
approach the maxima 2 and 1, respectively. The larger τ , the quicker they increase when
E0 is small. For a given value of E0, with the increase of τ , I(ρ−p,−q) and N(ρ−p,−q)
monotonically increase and asymptotically approach certain values dependent on E0. The
larger E0, the quicker they increase when τ is small. As τ → ∞, the case of the constant
electric field is recovered, as shown in Fig. 4.
Fig. 10 shows how the mutual information and logarithmic negativity of ρ(p,−p) depend
on the strength E0 and the width τ of the pulsed electric field. For any given value of τ , with
the increase of E0, I(ρp,−p) and N(ρp,−p) respectively increase to their maxima at certain
values Ec(τ), where |αp|2 = |βp|2 = 1/2, and then decrease asymptotically to zero. Ec(τ)
decreases with τ , and Ec(∞) = pi(m
2+p2
⊥
)
e ln 2
. For a given value of E0 ≤ Ec(∞), I(ρp,−p) and
N(ρp,−p) increase monotonically with τ , and asymptotically approaches certain values. For
a given value of E0 > Ec(∞), with the increase of τ , I(ρp,−p) and N(ρp,−p) increase up to
the maxima and then decrease, and approach asymptotically certain values dependent on
E0. As τ →∞, the case of the constant electric field is recovered, which is shown in Fig. 5.
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FIG. 10. The mutual information I(ρp,−p) and logarithmic negativity N(ρp,−p) as functions of the
dimensionless parameters eE0
p2
⊥
+m2
and τ
√
p2⊥ +m
2. It is assumed that pz =
√
p2⊥ +m
2, ε = 1/
√
2.
Under these parameter values, the maxima of I(ρp,−p) and N(ρp,−p) are 2 and log2(
5
4 ), respectively.
V. SUMMARY AND DISCUSSIONS
In this paper, we have studied how the entanglement between different modes is changed
by constant and pulsed electric fields. We use the mutual information to quantify the total
correlation and the logarithmic negativity to quantify the quantum entanglement.
First, we considered a constant electric field, which can induce the creation of particle-
antiparticle pairs from the vacuum. The entanglement generated between modes k and −k
is not monotonic with the electric field strength E0. It first increases to the maximum, and
then decreases asymptotically towards zero.
We have also studied how an electric field affects the preexisting entanglement. We choose
an initial state to be entangled between two particle modes p and q. We have calculated
the pairwise mutual information and logarithmic negativity in the reduced density matrices
ρp,q, ρp,−q, ρ−p,q, ρ−p,−q, ρp,−p, and ρq,−q.
It is found that the mutual information and logarithmic negativity in the density matrix
ρ(p,q) of two particle modes monotonically decrease with the electric field strength E0.
This is because they are determined by the product of the modular squares of αp and αq,
which both decrease with the increase of E0. Complementarily, the mutual information and
logarithmic negativity in the density matrix ρ(−p,−q) of two antiparticle modes increase
monotonically with E0. This is because they are determined by βp and βq. Also bear in
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mind that the preexisting entanglment is between the two particle modes p and q.
On the other hand, in each of the four possible reduced density matrices of the particle-
antiparticle modes ρp,−q, ρ−p,q, ρp,−p, and ρq,−q, the mutual information and logarithmic
negativity first increase up to maxima, and then decrease asymptotically towards zero. This
is because they are determined by the product of the modular squares of αp and βq.
We have also studied the effect of a pulsed electric field. The dependence on the Bo-
goliubov coefficients remain the same as the case of a constant field, but these coefficients
depend on both the strength E0 and the decay width τ . The case of a constant field is re-
covered when τ →∞. For a density matrix of particle-antiparticle modes, at a given value
of τ , the mutual information and logarithmic negativity maximize at a certain value of E0
respectively. At a given value of E0 no greater than the value corresponding to its maximum
at τ →∞, the mutual information and logarithmic negativity increase monotonically with
τ , otherwise it reaches the maximum at a certain value of τ and then decreases. For a density
matrix of particle-particle modes, the mutual information and logarithmic negativity both
monotonically decrease with both E0 and τ . For a density matrix of antiparticle-antiparticle
modes, the mutual information and logarithmic negativity both monotonically increase with
both E0 and τ .
We have obtained some relations and identities representing conservation laws of various
kinds of mode entanglement, which indicate the transfer of quantum information and are
consistent with the calculations on these mode pairs. They are valid no matter whether
the electric field is constant or time-dependent. Such information seems to be beyond the
traditional quantities such as correlation functions and distribution functions.
To conclude, we have studied how the electric field influences the pairwise mode entan-
glement through the Schwinger effect. It is demonstrated that quantum entanglement can
be used as a theoretical tool to analyze Schwinger effect. The features of entanglement
gives information on the Schwinger mechanism beyond that contained in the traditional
quantities such as particle number distribution. Hopefully the use of entanglement could
be generalized to other processes in quantum electrodynamics, and in fundamental physics
in general. For example, it would be interesting to see whether entanglement can shed new
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light on problems such as renormalization.
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